Abstract. We show that for any simply connected topological closed 4-manifold with trivial Kirby-Siebenmann invariant punctured along any prescribed compact, totally disconnected tame subset there exists an uncountable set of smoothings which are not diffeomorphic to any leaf of a C 2 codimension one foliation on a compact manifold. This includes the remarkable case of S 4 punctured along a tame Cantor set. If the Kirby-Siebenmann invariant is non-trivial the result also holds if the puncture set is not a Cantor set.
Introduction
An interesting question in foliation theory, which can be traced back to J. Sondow [38] , is to understand what kind of manifolds can be realized as leaves of foliations on compact manifolds. An open manifold which is realizable as a leaf must satisfy some restrictions. Since the ambient manifold is compact, an open manifold has to accumulate somewhere, and this induces recurrence and "some periodicity" on its ends.
It was shown by J. Cantwell and L. Conlon [9] that every open surface is homeomorphic (in fact, diffeomorphic) to a leaf of a foliation on each closed 3-manifold. The first examples of topological non-leaves were due to E. Ghys [21] and T. Inaba, T. Nishimori, M. Takamura, N. Tsuchiya [27] ; these are open 3-manifolds with highly non-periodic fundamental groups which cannot be homeomorphic to leaves in a codimension one foliation in a compact manifold ( [21] in the C 0 category and [27] in the C 2 one). Other examples of Riemannian non-leaves were found by O. Attie and S. Hurder [3] and others ( [43] , [34] , [35] ). On the other hand, every Riemannian manifold with bounded geometry is isometric (in particular, diffeomorphic) to a leaf of a compact lamination [1] and any smooth manifold admits a Riemannian metric with bounded geometry [25] , thus the realization problem is only of interest in the category of foliated manifolds (or at least finite dimensional laminations).
The intermediate smooth category is also of interest. In [30] the authors exhibit several families of smooth 4-manifolds with finitely many ends which are homeomorphic to leaves but not diffeomorphic to any leaf of any C 2 codimension 1 foliation on a compact manifold. These examples include topologically simple manifolds such as some exotic R 4 's or exotic S 3 × R's. This paper should be understood as a natural continuation of this work yielding examples of the same sort but with infinitely many ends. We use the specific and stunning characteristics of 4-manifolds, the unique dimension in which there are exotic euclidean spaces. These exotic structures enjoy some sort of non-periodicity (for instance, for some of them it is known that they cannot be covering spaces [40] ), which led to the conjecture that they cannot be realized as leaves of foliations on compact manifolds. This conjecture was partially solved in our previous work [30] .
The first main result of this paper is the following.
Theorem 1. Let M be a closed simply connected topological 4-manifold with KirbySiebenmann invariant ks(M ) = 0. Let Λ ⊂ M be any non-empty, totally disconnected, compact metric tame subspace. Then there exists an uncountable family of smoothings of M \ Λ, such that the elements of this family are pairwise nondiffeomorphic and they are not diffeomorphic to any leaf of any C 2 codimension one foliation on a compact manifold. If ks(M ) = 0 then the same result also holds if Λ is not a Cantor set.
The case when ks(M ) = 0 and Λ is a Cantor set remains open. Recall that Λ ⊂ M is tame if and only if there exists a homeomorphism of h : M → M so that h(Λ) lies in a piecewise smooth arc. In this case the complement M \ Λ is simply connected and its topology does not depend on the tame embedding. There are wild embeddings of the Cantor set in the 4-sphere with a non simply connected complement and, even if the complement is simply connected, the embedding may fail to be tame (see [37] for an example in S 3 which can easily be generalized to higher dimensions).
Note that some of the manifolds considered in Theorem 1 are homeomorphic to leaves of a C ∞ codimension one foliation. We shall discuss the topological realization of these manifolds in the last section. For instance, the specific case where Λ is a tame Cantor set and M = S 4 can easily be realized by a suspension of two circle diffeomorphisms generating a free group over M with two 1-handles attached. The same question for non-tame Cantor sets is open.
In this paper we only deal with the case where Λ is infinite since the case of finitely many ends was already studied in [30] . In this work, both large and small exotic R 4 's are used to construct our pathological smooth structures. In the specific case of a simply connected closed 4-manifold punctured along a countable closed set we are able to complete the arguments in the lowest regularity (C 1,0 ). In this case we use the uncountable family of small exotica (those R 4 's which can be smoothly embedded in S 4 ) to perturb all the isolated ends. More precisely:
Theorem 2. Let M be a simply connected closed 4-manifold and let Λ ⊂ M be a countably infinite closed set. Then there exist uncountably many smoothings of M \ Λ which are not diffeomorphic to any leaf of any C 1,0 codimension one foliation on a compact manifold.
When M is S 4 and Λ is a sequence with a single point of accumulation, the above manifolds can easily be realized: just consider a minimal linear foliation on T 5 foliated by 4-hyperplanes and turbulize along a transverse circle. The remaining cases can also be constructed by classical methods in foliation theory (see Section 6) . These are, as far as we know, the first examples of manifolds that are non-leaves in the smooth category in codimension one but are leaves in the topological category; they are what we call exotic non-leaves.
In Section 1 we present some well-known properties of 4-manifolds with the exotic ends that we shall use. In Section 2 we introduce the classes of non-leaves and give some of their properties. In Section 3, as in [30] , we adapt Ghys' procedure in [21] to show some necessary conditions for such structures to be leaves of a C 1,0 codimension one foliation on a compact manifold. The analysis is completed for Theorem 1 in the case of C 2 foliations (those where the transverse coordinate changes are C 2 maps) in Section 4; the core of the argument relies on Kopell's lemma for foliations (see [10] ). Theorem 2 for C 1,0 non-leaves is proven in Section 5 and we discuss the topological realization of our non-leaves in Section 6.
1. Exotic structures on R 4 1.1. Background. We refer to our previous work [30] for a more detailed background in the necessary tools of 4-dimensional topology that are needed to follow this work. We also refer to the book of R. Gompf and A.I. Stipcsicz [24] for an extensive guide through the 4-dimensional world.
It is well known that the topology of simply connected closed 4-manifolds is characterized by the intersection form and their Kirby-Siebemann invariant [16] . For each symmetric bilinear unimodular form there exists at least one topological simply connected closed 4-manifold with an isomorphic intersection form [16] . But this is no longer true for the smooth case: Theorem 1.1 (Donaldson [15] ). If M is a closed simply connected smooth 4-manifold with definite intersection form then its intersection form is isomorphic to a diagonal form.
Since the isomorphism classes of definite forms grows at least exponentially with the range, Donaldson's theorem shows there are many topological simply connected 4-dimensional manifolds that are not smoothable. In the other hand, open 4-manifolds are always smoothable [17] , including the case with compact boundary. Furuta's theorem [19] gives some restrictions for the intersection form of a smooth non-definite spin 4-manifold: [19] ). Let M be a closed spin manifold. If M is not definite then
where b 2 is the second Betti number and sign is the signature of M .
Let H be the intersection form of S 2 × S 2 and let E 8 be the intersection form of the non-smoothable manifold obtained by gluing Freedman's fake ball with the E 8 -plumbing by their boundaries (which are Poincaré homology spheres). It is well known that E 8 is definite (and we take it to be positive definite) and H is indefinite, Serre's classification of unimodular forms [36] implies that indefinite even forms are isomorphic to a sum of ±E 8 and H blocks, where the E 8 blocks can be considered of the same sign since (−E 8 ) ⊕ E 8 is isomorphic to 8H. Thus, Furuta's Theorem can be reformulated for simply connected spin manifolds in the following simpler way: the number of H blocks must be greater than the number of E 8 blocks.
This motivates the definition of the Taylor invariant [40] . Definition 1.3 (Taylor [40] ). Let E be a smooth manifold homeomorphic to R 4 . Let Sp(E) be the set of closed smooth spin 4-manifolds N in which E embeds smoothly and such that its intersection form is trivial or isomorphic to a sum of copies of H.
where β 2 (N ) is the second Betti number of N .
Let E(E) be the set of topological embeddings e : D 4 → E of the closed 4-ball such that e is smooth in a neighborhood of some point of the boundary and e(∂D 4 ) is (topologically) bicollared. Set b e = b e(D 4 ) where e(D 4 ) has the smooth structure induced by E. The Taylor index of E is defined to be
Definition 1.4 (Periodic cylindrical end). An end of an open smooth manifold
M is said to be cylindrical if it has a neighborhood homeomorphic to S 3 × [0, ∞). An end is smoothly (resp. topologically) periodic if there exists a neighborhood V ⊂ M of that end and a diffeomorphism (resp. homeomorphism) h : V → h(V ) ⊂ V such that h n (V ) defines the given end (i.e., {h n (V )} is a neighborhood base for the end).
Now we introduce the "end-sum" of simply connected manifolds with just one end. This was the first technique used to find infinitely many exotic structures on R 4 [23] . It is an important tool for generating infinitely many smooth structures on open 4-manifolds (see e.g. [5, 20] ). Definition 1.5 (End-sum, see e.g. [24] ). Let M and N be simply connected oriented open smooth 4-manifolds with just one end. Choose two smooth properly embedded paths c 1 : [0, ∞) → M and c 2 : [0, ∞) → N . Let V 1 and V 2 be smooth tubular neighborhoods of c 1 ([0, ∞)) and c 2 ([0, ∞)). The boundaries of these neighborhoods are clearly diffeomorphic to R 3 and we can form a smooth sum by identifying M \V 1 and N \V 2 along these boundaries so as to produce a manifold with an orientation respecting the orientations of M and N . This is called the end-sum of M and N and it is denoted by M ♮N = (M \V 1 ) ∂ (N \V 2 ). If M and N are also simply connected at infinity (for example, as in Definition 1.4), c 1 and c 2 are unique up to ambient isotopy and thus the smooth structure of M ♮N does not depend on the chosen paths. Remark 1.6. If K and D are compact smooth 4-manifolds with connected (but not necessarily smooth) boundaries, where each boundary is only assumed to be smooth in a connected neighborhood of some point, then the boundary connected sum K# ∂ D is obtained by identifying embedded smooth closed disks in those neighborhoods in ∂K and ∂D so as to respect the orientations, and smoothing the result. Then the interior of the boundary connected sum is the end-sum of the interiors, int(K# ∂ D) =K♮D. Definition 1.7. Two ends of smooth (resp. topological) manifolds are diffeomorphic (resp. homeomorphic) if they have diffeomorphic (resp. homeomorphic) neighborhoods. It will always be assumed that the orientation is preserved by the diffeomorphism or homeomorphism. Two manifolds with one end are end-diffeomorphic (resp. end-homeomorphic) if their ends are diffeomorphic (resp. homeomorphic).
We shall use the following version of Taubes' Theorem [39] which suffices for our purposes. Theorem 1.8 (Taubes [39] ). Let M be an open smooth simply connected 4-manifold with definite intersection form and exactly one end. If the end is cylindrical and smoothly periodic, then the intersection form is isomorphic to a diagonal form.
Cylindrical smoothly periodic ends are a particular case of the admissible periodic ends considered in [39, Definition 1.3].
1.2. Large exotica. Definition 1.9. [30, Definition 1.11] Let M − (resp. M + ) be the the family of smoothings of closed topological 4-manifolds, M , with exactly one puncture so that there exists s ∈ N such that ♮ s i=1 M is end-diffeomorphic to a smoothing of a once punctured topological simply connected negative (resp. positive) definite but not diagonal 4-manifold. Set M = M − ∪ M + . These manifolds and their ends are called Taubes-like.
The set S − (resp. S + ) will denote the family of all exotic R 4 's R for which there exist s, k ∈ N + such that the s-fold end-sum ♮ s i=1 R is end-diffeomorphic to a smoothing of a once punctured simply connected spin k(E 8 ⊕ E 8 ) (resp. −k(E 8 ⊕ E 8 )) manifold. (In [40] these are called (s, k)-simple-semi-definite.) The subfamily R − (resp. R + ) will consist of the exotica in S − (resp. S + ) with finite Taylor index. As above, we set R = R − ∪ R + . Remark 1.10. It is clear that R ⊂ S ⊂ M. Furthermore (M − , ♮), (M + , ♮), (S − , ♮), and (S + , ♮) are semigroups, and this is also true for (R − , ♮) and (R + , ♮) since the Taylor index is subadditive relative to end-sum (see [40, Lemma 5.2] ). Furthermore, (S, ♮) and (R, ♮) are also semigroups [30] . However (S, ♮), (S − , ♮), and (S + , ♮) are the only ones of these semigroups which are closed under infinite end-sums (see [30, Corollary 1.15] ). All these families are non-empty and the inclusions are strict, as is explicitly shown in [30, Section 1.c], the universal smoothing of R 4 presented in [18] is an example of a smoothing in S \ R.
The following is an easy but useful condition to show that a manifold is Taubeslike. If R ∈ S, from Donaldson's Theorem 1.1 it is easy to see that the Taylor index of R cannot be zero. Furuta's theorem 1.2 can be used to give a better estimate. This is presented in the next proposition, which was proved by L. Taylor in [40] . Proposition 1.12. [40, Theorem 5.3] Let R ∈ R and consider s, k ∈ N + such that ♮ s R is end-diffeomorphic to a spin simply connected once punctured ±k(
Corollary 1.13. Let R be an exotic R 4 . If there exist infinitely many e i ∈ E(R) such that e i (D 4 ) ∩ e j (D 4 ) = ∅ for all i = j, their interiors are end-diffeomorphic to each other, and every e i (D 4 ) ∈ S, then γ(R) = ∞. Notation 1.14. Let e be a cylindrical end of a smooth manifold M , so that there exists a neighborhood X of that end with a homeomorphism ψ e : X → S 3 × [0, ∞). Let us consider the sets C t = ψ −1 e ([0, t]) and K t = (M \ X) ∪ C t for every t > 0 endowed with the smooth structures induced by the ambient manifold.
Note that the boundary of each K t does not need to be smooth, but the homeomorphism ψ can be chosen so that every K t is smooth in a neighborhood of a point in its boundary [33] . It is also convenient to useK ∞ to denote M .
In order to avoid confusion, we also use the notations K . Given M ∈ M, let X be a neighborhood of its end and let ψ : X → S 3 × [0, ∞) be a homeomorphism. Then there exists r ψ > 0 such that, for any t > s > r ψ ,K t is not end-diffeomorphic (preserving the orientation) toK s . Remark 1.16. We choose r ψ to be sufficiently large so that theK t 's are elements of M for all t > r ψ . This is clearly possible by Lemma 1.11. Proposition 1.17. Take M ∈ M and ψ as in Notation 1.14. For t > r ψ ,C t cannot be smoothly embedded in any smooth manifold S homeomorphic to S 4 .
Proof. Since M ∈ M, there exists s ∈ N such that s♮M is end-diffeomorphic to a smoothing of a punctured definite but non-diagonal simply connected manifold N . By Remark 1.16, for all t > r ψ , N t := s♮K t is still end-diffeomorphic to another smoothing of a punctured definite manifold. If a neighborhood of the end ofK t can be embedded in S then a neighborhood X of the end of N t can be embedded in s#S (which is still homeomorphic to S 4 ). Choose X to be homeomorphic to S 3 × [0, ∞) and let i : X → s#S be the above smooth embedding in s#S. Let A be the closed connected component of (s#S) \ i(X) and let us consider the smooth manifold W = N ∪ i (i(X)∪A) obtained by the identification i : X → i(X). This is a simply connected smooth closed 4-manifold with definite non-diagonal intersection form, which contradicts Donaldson's Theorem. . We give here the precise statement we need. In addition, we provide a copy of the proof with minor changes for the sake of completeness.
Proposition 1.19 ([23]
). Let M be a topological simply connected closed 4-manifold with e 1 , e 2 ∈ M .
1. If ks(M ) = 0 then there exists a smooth structure on M \ {e 1 } which is end-diffeomorphic to an element of R.
2. If ks(M ) = 0 then there exists a smooth structure on M \ {e 1 , e 2 } so that the end corresponding to e 1 is diffeomorphic to the end of some element in R − (resp. R + ) and the end corresponding to e 2 is end-diffeomorphic to the end of a smooth once punctured −E 8 -manifold (resp. E 8 -manifold).
Proof. 1. If the Kirby Siebenmann invariant ks(M ) is zero, then the manifold M #(n#S 2 × S 2 ) is smoothable for some large n which can be assumed to be at least 3 (thus, even if M is smoothable, we shall consider its connected sum with three copies of S 2 ×S 2 ). Let us consider the smooth manifold K3#((n−3)#S 2 ×S 2 ), where K3 is the Kummer surface which has intersection form −2E 8 ⊕ 3H. We can consider a set of Casson handles, C, in M #(n#S 2 × S 2 ) which represent all the homology generated by the n#S 2 × S 2 summand, and another family of Casson handles, C ′ , in K3#((n − 3)#S 2 × S 2 ) representing the homology generated by (n − 3)#S 2 × S 2 and the homology given by the 3H blocks in the K3 surface. Since any pair of Casson handles have a common refinement it follows that there is a diffeomorphism h : V → V ′ where V is the interior of a tubular neighborhood of the cores of C and V ′ is the interior of a tubular neighborhood of the cores of C ′ . Let W be the interior of another tubular neighborhood of the cores of
, which in turn is end-diffeomorphic to a once punctured −2E 8 manifold. Finally, it is clear that V (and also W ) can be smoothly embedded in n#S 2 × S 2 and the complements of their closures are homeomorphic to R 4 by Freedman's work [16] . Thus (n#S 2 × S 2 ) \ W is an exotic R 4 end-diffeomorphic to a punctured −2E 8 manifold, its Taylor index is ≤ n (hence it belongs to R − ), and it is homeomorphic to M \ {e 1 } as desired.
2. Now assume that ks(M ) = 0. Let Σ be the Poincaré homology sphere with its usual orientation and Σ with the reverse one. We can consider a flat topological embedding of a fake ball ∆ bounded by Σ with reverse orientation in M . This is again a consequence of Freedman's results [16] since the double of ∆ is homeomorphic to S 4 . Recall that we can obtain the closed −E 8 manifold as P ∪ Σ ∆ where P is the −E 8 plumbing and has non-trivial Kirby Siebenmann invariant. Since ks adds under gluing, it follows that ks(M 0 ) = 0 where M 0 = M \∆. Note that sum-stabilization also works for topological 4-manifolds with boundary, see e.g. [17, Section 8.6 ]; hence, as in part 1, there exists a smoothing of M 0 \ {e 1 } (where e 1 / ∈ ∂M 0 ) which is end-diffeomorphic to an element of R. Now let us consider an arbitrary smoothing of ∆ \ {e 2 } which is end-diffeomorphic to a punctured simply connected −E 8 manifold (which exists by [17, Section 8.2] ). Both smoothings are bounded by the Poincaré homology 3-sphere (which has a unique smoothing since it is a 3-manifold). Then the smooth manifold (M 0 \ {e 1 }) ∪ Σ (∆ \ {e 2 }) is homeomorphic to M with two punctures and has the desired properties.
The positive definite case follows by reversing the orientations.
Small exotica.
About small exotica we only need to recall that they exist and there are uncountably many of them. Definition 1.20. An exotic R 4 which can be smoothly embedded in the standard R 4 (or S 4 ) is called small. The family of small exotica will be denoted by ℜ.
Proposition 1.21. [13]
There exists an uncountable family of small exotic smooth structures on R 4 which are pairwise non-diffeomorphic.
Corollary 1.22.
There exists an uncountable family Π ⊂ ℜ of small exotica with the following properties:
(1) no two elements in Π are end-diffeomorphic; (2) no element in Π is smoothly periodic.
Proof. On the one hand, we show that the family of diffeomorphism classes of manifolds with just one end such that the end is smoothly periodic is countable. Any smoothly periodic manifold with just one end can be decomposed as K ∪ ∂ V where K is a compact smooth manifold with smooth boundary and V is a periodic smooth neighborhood of the end. Since V is smoothly periodic, it can be expressed as a sequence of boundary unions of a periodic segment N : V = N ∪ ∂ N ∪ ∂ . . . where N is a compact smooth manifold with two diffeomorphic smooth boundaries (with opposite orientations), one of which coincides with ∂V (and also with ∂K with the opposite orientation). It is well known that the diffeomorphism classes of compact smooth manifolds with boundary are countable (which is a direct corollary of the finiteness theorems for Riemmanian manifolds given by Cheeger in [12] ). Thus, up to diffeomorphism, there are only countably many candidates for K and for N . Hence the family of diffeomorphism classes of smoothly periodic exotica is countable, as desired.
On the other hand, the set of one ended smooth manifolds which are enddiffeomorphic to a given one ended smooth manifold is at most countable. This is explicitly indicated for exotic R 4 's in [24, Exercise 9.4.13] . This follows from the fact that codimension zero smooth submanifods are countable up to isotopy (again, this is consequence of the finiteness theorems in [12] ).
Since ℜ is uncountable it follows that there exists an uncountable subfamily that satisifies both properties.
The exotic family
Let us introduce a procedure to construct smooth manifolds, the formal definition of an infinite connected sum. Notation 2.1 (Infinite connected sum). Let N be an open smooth manifold, let T ⊂ N be a closed discrete subset, and let Φ : T → Diff(n) map T to the family of n-dimensional smooth connected manifolds, where n = dim N . Let {D t | t ∈ T } be a family of pairwise disjoint standard closed disks in N such that t ∈ D t and the union t D t is closed, and let D Φ(t) be an arbitrary standard closed disk in Φ(t). The manifold N #Φ is defined to be the boundary union of M \ tt s with t Φ(t) \D Φ(t) by identifying the boundary components relative to each t ∈ T so as to respect the orientations.
If N has boundary then t D t is assumed to be contained in the interior of M . Observe that the diffeomorphism class of M #Φ does not depend on the choice of the standard disks.
In this section we construct an uncountable family of smooth structures on M \Λ where M is a topological simply connected closed 4-manifold and Λ is an infinite, totally disconnected, compact tame subspace of M . (The case in Theorem 1 when Λ is finite was proven in [30] and is not repeated here.) Recall that tame means that there exists an ambient homeomorphism of M which carries Λ into a piecewise linear arc (consequently, the arc can be a segment in a chart and Λ can be taken to be a closed subset of the classical ternary Cantor set in the segment). Another useful condition equivalent to tameness is that for every ε > 0 there exists a finite open covering of Λ by pairwise disjoint open sets of diameter less than ε [4, Theorem 1.1].
Notation 2.2. Let us fix a finite non-empty subset F ⊂ Λ with at most two points such that, if #F = 2, one point is an accumulation point of Λ and the other one is isolated. Let S be a countable (not necessarily infinite) discrete subset of Λ so that S ∩ F = ∅, and let Φ : S → ℜ map S to the family of small exotica. Note that S is disjoint from its derived set S ′ , so S is a closed subset of Λ \ S ′ . For future reference, set Λ 0 = Λ \ F and
Before constructing our family of smooth non-leaves, we present two topological properties which will be useful in the rest of the paper. Proof. Since M is simply connected with dimension greater than two and Λ is tame it follows that M \ Λ is simply connected. One simple reason is that any (proper) loop in M bounds an immersed disk, and since Λ is tame we can deform that disk to make it disjoint from Λ.
On the other hand H 3 (M, Z) is trivial by Poincaré duality. Therefore Σ bounds a connected codimension zero 4-submanifold B in M . There are exactly two such manifolds corresponding to the connected components of M \ Σ. Therefore Σ does not separate ends of M \ Λ if and only if B ∩ Λ = ∅ or Λ ⊂ B, but this is equivalent to Σ being null homologous in M \ Λ since it will bound the component of M \ Σ that is contained in M \ Λ. Definition 2.4 (The family of non-leaves). Our non-leaves are given by the following process (see Figure 2 ) involving two families of smoothings of M \ Λ whose union will be denoted by E(M, Λ, F, S, Φ):
• Family 1: Exactly one point of F is an accumulation point of Λ. Let D(M, F, R) be the set of smoothings of M \ F such that the end corresponding to the accumulation point in F ⊂ Λ is diffeomorphic to the end of some element of R. Fix a smoothing
• Family 2: F contains just one point, and the point is isolated. Let us take D(M, F, M) to be the set of smoothings of M \ F which are enddiffeomorphic to some element of M (Taubes-like). As above, given a smoothing
Remark 2.5. Observe that the manifolds in E(M, Λ, F, S, Φ) are constructed in a two step process, the first step choosing a smoothing V of M \ F with a large exotic end and the second one introducing some small exotic ends in a closed and discrete subfamily of ends of V \ Λ 0 .
Note that when #F = 2 the isolated end can be any smooth cylindrical end, i.e., it could be, a priori, any exotic smoothing, not necessarily Taubes-like.
The second step can be made unnecessary by choosing S = ∅. Then any element
is also non-empty for every possible choice of S and Φ, since the second step only depends on the existence of a suitable smoothing of M \ F . Remark 2.6. The set of ends of any element W ∈ E(M, Λ, F, S, Φ) is identified with Λ. Since every small exotic R 4 can be smoothly embedded in S 4 , it follows that for each end of W corresponding to an element of Λ 0 = Λ \ F there is a neighborhood of that end which can be smoothly embedded in S 4 . Moreover, any clopen subset of Λ 0 admits a neighborhood in M \ Λ which can be smoothly embedded in S 4 .
Definition 2.7 (Smooth environment). Let U be a smooth open oriented manifold.
We say that a smooth manifold M is a smooth environment for U if dim U = dim M and U can be smoothly embedded in M preserving the orientation. If M is a closed (resp. compact) manifold then it will be said that the environment is closed (resp. compact).
Lemma 2.8. Let U be a smooth open manifold such that a neighborhood of its ends can be smoothly embedded (preserving orientation) in a smooth simply connected closed manifold of the same dimension. Then U admits a smooth compact environment. If U has empty boundary then the environment can be taken to be closed.
Proof. Let O be an open neighborhood of the ends of U which can be smoothly embedded in a smooth simply connected manifold N of the same dimension. By paracompactness, shrinking O a little bit, we can assume that O also embeds in N and ∂O is a smooth codimension one compact manifold. Let Σ 1 , . . . , Σ k be the connected components of ∂O and let i : O → N be the smooth embedding. Without loss of generality (connecting some of the Σ j 's by tubes, if necessary), we can assume that each Σ j bounds a connected component of O, which we call O j . Since N is simply connected it follows that N \ i(Σ j ) has exactly 2 connected components. Let B j ⊂ N be the connected component which contains i(O j ) and set B = k j=1 B j . Then U ∪ i B is a smooth compact environment for U and clearly it is closed if U has empty boundary.
Proof. First, if F is a single accumulation point of Λ (for example, if Λ is a Cantor set) and ks(M ) = 0, then M \ F has a smoothing in D(M, F, R) by the first part of Proposition 1.19, so E(M, Λ, F ) and, therefore, every E(M, Λ, F, S, Φ) are nonempty (see Remark 2.5). In particular, S 4 minus a tame Cantor set Λ admits a smoothing in E(S 4 , Λ, { * }).
[h]
Next, if ks(M ) = 0 and F ⊂ Λ is a set with two points, then by the second part of Proposition 1.19 there exists a smoothing of M \ F in D(M, F, R). In this case the accumulation point in F corresponds to an end of M \ F that is diffeomorphic to the end of some element in R and the isolated point corresponds to an end diffeomorphic to the end of a smoothing of a punctured −E 8 manifold, so we get a smoothing of M \ Λ in E(M, Λ, F ) and thus every E(M, Λ, F, S, Φ) is non-empty.
If F consists of a single isolated point then M \ F admits a smoothing in D(M, F, M). This is also a corollary of Proposition 1.19 (see also Theorem 2.1 of [23] ): if ks(M ) = 0 then take exactly the same structure given in the proof of the first part; if ks(M ) = 0 then remove a smooth properly embedded path between the two ends constructed in the proof of the second part, thus obtaining a single end which is diffeomorphic to the end of a punctured simply connected −3E 8 manifold (so it is Taubes-like).
Definition 2.10. For W ∈ E(M, Λ, F ) let V be the initial smoothing of M \ F which is used to construct the smooth structure of W (via V ∞ ). Then V has at least one exotic end which is Taubes-like; when #F = 2 it is assumed to be the end given by the accumulation point of Λ in F , regardless of whether or not the isolated end in F is also Taubes-like. Let ψ : X → S 3 ×[0, ∞) be a homeomorphism defined on a neighborhood X of that Taubes-like end and as before use the notation
. Let V t be the smooth structure on M \ F given by K V t = (V \X) ∪ ∂ C t . By Taubes' Theorem, there exists r ψ > 0, so that for s > t > r ψ V s is homeomorphic but not diffeomorphic to V t . Set W t = V t \ Λ 0 endowed with the smooth structure of V t . Of course, each W t still belongs to E(M, Λ, F ).
The above construction can also be made when S = ∅ and then it produces (V t \ S ′ )#Φ \ Λ 1 . This manifold, which belongs to E(M, Λ, F, S, Φ) will be denoted by The other ends are standard or small exotica, so any orientation-preserving diffeomorphism induces a diffeomorphism between the Taubes-like ends, but for t = s V t is not diffeomorphic to V s and thus they cannot be end-diffeomorphic.
Case 1: #F = 1 and consists of an accumulation point of Λ which we shall call e. In this case V t , V s , and V are just simply connected Taubes-like manifolds. Moreover, with the Notation 1.14 applied to V we get that V t is diffeomorphic to K t and V s toK s .
Since Λ is tame, there exists r ∈ (s, t) such that ∂K r does not meet Λ and there exists a small open neighborhood of ∂K r which can be smoothly embedded in W Φ t . That neighborhood can be identified withK r+ε \ K r−ε and we shall denote it by C(r; ε).
By a similar argument, for infinitely many δ > 0 arbitrarily close to 0, we can find a small open neighborhood C(r − δ; ε δ ) of ∂K s−δ smoothly embedded in W Φ s . Clearly, when δ goes to 0 then ∂K s−δ goes to the accumulated end induced by the single point in F .
Suppose that there exists an orientation-preserving diffeomorphism h :
It follows that, for δ small enough, h(C(r; ε)) is embedded in the connected component of W Φ s \ ∂K s−δ which does not contain any neighborhood of e. Let Ψ = Φ |S∩K s−δ . It is clear that this connected component is diffeomorphic to K s−δ #Ψ which is a smooth manifold with (non-smooth) boundary and all its ends can be embedded smoothly in S 4 (see Remark 2.6). Let K be a smooth compact environment for K s−δ #Ψ provided by Lemma 2.8. This environment is clearly homeomorphic to K s−δ and its interior is end-diffeomorphic toK s−δ . Thus h(C(r; ε)) is also smoothly embedded in the interior of K.
Let N be the connected component of K \ h(∂K r ) that has two boundary components. If V is an exotic R 4 thenK is also an exotic R 4 by construction and then N is homeomorphic to S 3 × [0, 1] which can be used to produce a smoothly periodic manifold given by
where h is used just to identify open neighborhoods of ∂K r and h(∂K r ). But this manifold is Taubes-like sinceK r is Taubes-like, by Lemma 1.11. This gives a contradiction.
If V is not an exotic R 4 , then H 2 (K r , Z) = 0 for all r > 0 (by Freedman's Theorem [16] ] since it is simply connected with H 2 (N ) = 0 and it is bounded by two bi-collared spheres. Thus the same reasoning as above would apply to obtain a smoothly periodic Taubes-like manifold, which is a contradiction.
Case 2: #F = 2. It follows by the same argument since h must map non-isolated ends to non-isolated ends and, in this case, by construction there is a unique nonisolated exotic end corresponding to the end of a large exotic R 4 , R. Thus, the only modification is to use the sets K R r instead of K r and choose r sufficiently close to s so that h(∂K r ) can be smoothly embedded in K R s . Thus the set N defined analogously must be a cylinder that can be used to produce a smoothly periodic cylindrical end on a Taubes-like exotic R 4 , giving the same contradiction.
Corollary 2.12. The cardinality of E(M, Λ, F, S, Φ) is the cardinal of the continuum.
Necessary conditions to be leaves
In this section, adapting ideas of Ghys [21] , we prove the following Proposition.
Proposition 3.1. If a leaf of a C 1,0 codimension one foliation of a compact manifold is diffeomorphic to some W ∈ E(M, Λ, F, S, Φ), then the leaf is proper and the union of all leaves diffeomorphic to it is an open set each of whose connected components fibers over the circle with the leaves as fibers.
In proving Proposition 3.1 we use the basic theory of C 1,0 codimension one foliations of smooth compact manifolds, i.e., foliations presented as continuous integrable plane fields. Note that in this general situation there exists a smooth transverse one-dimensional foliation N and a biregular foliated atlas, i.e., one in which each coordinate neighborhood is foliated simultaneously as a product by F and N . The transverse coordinate changes are only assumed to be continuous but the leaves can be taken to be smooth manifolds and the local projection along N of one plaque onto another plaque in the same chart is a diffeomorphism. Our basic tool is Dippolito's octopus decomposition [14] .
3.1. Properties of codimension one foliations. Definition 3.2. A foliated (i.e., leaf preserving) map h : (M, F ) → (N, G) between C 1,0 foliations is said to be of class C 1,0 if it is continuous, its restriction to each leaf is C 1 , and there are atlases of M and N in which every first partial derivative in the leaf coordinates is also continuous as a function of M .
We assume that our foliation is transversely oriented, which is not a real restriction since every manifold we are considering to be a leaf is simply connected and therefore, by passing to the transversely oriented double cover, we obtain a transversely oriented foliation with a leaf diffeomorphic to it. For a saturated open set U of (M, F ), letÛ be the completion of U in a Riemannian metric of M restricted to U . The inclusion i : U → M clearly extends to an immersion i :Û → M , which is at most 2-to-1 on the boundary leaves ofÛ . We shall use ∂ τ and ∂ ⋔ to denote the tangential and transverse boundaries, respectively. Theorem 3.3 (Octopus decomposition [7, 14] ). Let U be a connected saturated open set of a codimension one transversely orientable foliation F on a compact manifold M . Then there exists a compact submanifold K (the nucleus) with boundary and corners such that We shall also need the following technical lemma proved in [30] . 
Proper leaves. Let W ∈ E(M, Λ, F, S, Φ)
, where S is a countably infinite closed and discrete subset of Λ 0 = Λ \ F which we enumerate as S = {x n | n ≥ 1}. If F contains a point of accumulation, take the end corresponding to that point, and choose a cylindrical neighborhood X of that end so that there is an orientationpreserving smooth embedding ϕ : X → R which maps X onto a neighborhood of the end of some R ∈ R. Let ψ : ϕ(X) → S 3 × [0, ∞) be a homeomorphism of that neighborhood of the end of R. We claim that without loss of generality we can assume that Λ 0 is contained in the above X. The other end of M \ F (if it exists) is isolated and so H = Λ \ (F ∪X) is compact. Since Λ is tame, H is contained in a finite union of disjoint small standard balls. Therefore a suitable smooth isotopy can move Λ 0 into X. Of course, this isotopy does not modify the diffeomorphism class of W .
Moreover, by a similar argument, we can assume that there exists an increasing sequence of parameters t n > r ψ , n ≥ 1, converging to ∞ so that x n ∈ D n ⊂ ϕ −1 (K tn+1 \ K tn ), where x n ∈ S and D n = D xn is a small standard disk (as in Notation 2.1) which will be used for gluing in the end of Φ(x n ).
If F consists of a single isolated point, then we take an orientation-preserving smooth embedding ϕ : X → N which maps a cylindrical neighborhood X of the end onto a neighborhood of the end of a Taubes-like manifold N , and we choose X to be disjoint from Λ 0 . As before, we take an increasing sequence of parameters t n > r ψ , n ≥ 1, converging to ∞. Notation 3.6. If F contains an accumulation point, then let P n , n ≥ 1, be the exotic pair of pants P n := ϕ −1 (K tn+1 \K tn )\D n contained in X. It is also contained in X#Φ, which is a neighborhood of the non-isolated end of W corresponding to the accumulation point of F (in fact, X#Φ contains every end of W with the unique possible exception of the other isolated point in F , if it exists). We denote the three boundary components of P n with the induced orientations by ∂
) and S n = ∂D n ≈ S 3 . Note that P n is glued to P n+1 by the identification ∂
On the other hand, if F consists of a single isolated point, then let P n for n ≥ 1 be the exotic cylinder P n := ϕ −1 (K tn+1 \K tn ) and define ∂ + n and ∂ − n as before. The next lemma says that when P n is a pair of pants, it is in some sense localized. This is not surprising since this also happens in R for each K tn (Proposition 1.12).
Lemma 3.7. Let W ∈ E(M, Λ, F, S, Φ) where F has an accumulation point e of Λ. Let X be as above and set Y = (X \ S ′ )#Φ ⊂ W . Then no pair of pants P n can have an infinite family of smooth orientation-preserving embeddings i k : P n → Y such that the sets i k (P n ), k ∈ N, are pairwise disjoint.
Proof. Observe that two of the three boundary components of ∂P n are not smooth manifolds, so it is assumed that the embeddings i k can be slightly extended to an open neighborhood of P n .
Assume that there are such embeddings such that i j (P n ) ∩ i k (P n ) = ∅ for j = k. Since P n separates W , and also Y , into three components, there are three possibilities to be considered, according to the relative position of each of these sets. Let C + , C − , C st be the components of Y \P n that are bounded by ∂ + n , ∂ − n and S n , respectively.
Note that Y has exactly one large exotic end corresponding to e. Furthermore Y can be considered to be (properly) embedded in (R \ ϕ(S ′ ))#(Φ • ϕ), where R ∈ R is the exotic R 4 that is end-diffeomorphic to the end e of M \ F via ϕ. In fact Y is diffeomorphic to a connected neighborhood of the ends of (R \ ϕ(S ′ ))#(Φ • ϕ). Observe also that R is a smooth environment of (R \ ϕ(S ′ ))#(Φ • ϕ); this follows from Lemma 2.8 and the fact that Φ(s) is a small exotic R 4 for all s ∈ S. Let i ϕ : Y → R be that smooth embedding.
First observe that i j (∂ + n ) must separate i j (P n ) from the exotic end e for every j. Otherwise, let Z be the connected component of R \ i ϕ (i j (P n )) whose boundary is i ϕ (i j (∂ + n )). This component must be relatively compact, for otherwise its end would be the exotic end e but then this boundary would separate i ϕ (i j (P n )) from the exotic end, but i ϕ is also an end-diffeomorphism and thus i j (P n ) would be separated from e by i j (∂ + n ). Since i ϕ (i j (∂ + n )) is a topological bicollared 3-sphere it follows, by the classical Jordan Theorem, that Z is homeomorphic to a 4-ball. Observe that K tn and Z have (topological) boundaries with diffeomorphic neighborhoods (with compatible orientations), so S = K tn ∪ ∂ Z is a closed smooth manifold homeomorphic to S 4 . But this contradicts Proposition 1.17. Case 1. If some i k (P n ) ⊂ C st then the contradiction is clear: by construction the component C st can be smoothly embedded in S 4 which is not possible for P n or for any i k (P n ) (by Proposition 1.17).
Case 2. Suppose that, for some k, j ∈ N, i j (∂ + n ) separates i k (P n ) from the exotic end e. Let Z be the component of
Recall also that i k and i j can be extended to suitable open neighborhoods of ∂ + n . Thus the smooth manifold given by
is an exotic R 4 in S ⊂ M with a smoothly periodic end, contradicting Taubes' Theorem 1.8.
Case 3. As a consequence of Case 2, we know that i k (∂ + n ) does not separate i j (P n ) from the exotic end e for any k, j ∈ N. Since R ∈ R, there exist s, k ∈ N so that for all r ∈ N, 2k/s ≤ γ(K tr ) ≤ γ(R) < ∞ (by Proposition 1.12). Take N ∈ N such that 2N k/s is greater than γ(R) and take R ∈ N such that ∂ + R separates the N sets i 1 (P n ), . . . , i N (P n ) from the exotic end e. Let Z be the connected component of R \ ∂ + R which does not contain the exotic end e, that is in factK
must separate i j (P n ) from the exotic end e for every j ≤ N , the interior of D j is enddiffeomorphic toK R tn . Therefore they still are elements of R. For every j = k, D j ∩ D k = ∅ since otherwise some i j (∂ + n ) would separate another i k (P n ) from the exotic end, contradicting our assumption. But this implies that
by Proposition 1.12 and Corollary 1.13, and this is a contradiction.
Proposition 3.8. Let F be a codimension one C 1,0 foliation of a compact 5-manifold M . If F has a leaf L diffeomorphic to some W ∈ E(M, Λ, F, S, Φ), then L is a proper leaf without holonomy.
Proof. Since L is simply connected, it is a leaf without holonomy. Assume that L is not proper. We separate the proof into three cases.
Case 1: #F = 1 and it consists of a single accumulation point of Λ. Let us consider an exotic pair of pants P n in L, which is simply connected. By Reeb stability there exists a product neighborhood of P n diffeomorphic to P n × (−ε, ε) foliated as a product with P n identified with P n × {0}. Since L is non-proper it must meet P n × (−ε, ε) infinitely many times. So L \ K must contain infinitely many pairwise disjoint copies of P n for any compact K ⊂ L, but this contradicts Lemma 3.7.
Case 2: #F = 2. As above we can consider the exotic pair of pants P n and the foliated product P n × (−ε, ε). The main point here is to show that infinitely many of them do not meet a neighborhood of the isolated distinguished end provided by the isolated point e 2 of Λ in F (which can be wildly exotic). Let us assume that this is the case, so that L ⊂ lim e2 L. Let X be a cylindrical neighborhood of that isolated end.
We claim that no boundary component of the lifted pair of pants P n × {t} contained in X can bound a compact submanifold in X. Let ∂ n be one of the three boundary components ∂ + n , ∂ − n or S n of P n and suppose that ∂ n × {t 0 } bounds a compact submanifold D × {t 0 } ⊂ X for some t 0 ∈ (−ǫ, +ǫ), say with t 0 > 0. Then D will be simply connected (since both X and ∂D are) so D can be isotoped along the transverse foliation N as t decreases to get a maximal bifoliated map φ : D ×(t 1 , t 0 ] → M such that ∂ n ×{t} bounds the compact submanifold D ×{t} for every t ∈ [t 1 , t 0 ) but ∂ n × {t 1 } does not bound a compact manifold. Thus ∂ n × {t 1 } is a non-trivial lacunary vanishing cycle homeomorphic to S 3 , contradicting Lemma 3.5.
It follows that each P n × {t} must separate X into three components, but this is impossible since X is topologically cylindrical. Thus infinitely many of the copies P n × {t} must be contained in L \ X, again contradicting Lemma 3.7.
Case 3: F = {e} where e is an isolated point of Λ. In this case each P n is homeomorphic to a compact cylinder and W is diffeomorphic to a simply connected Taubes-like manifold V minus Λ\F . Again Reeb stability allows us to find a product neighborhood P n × (−ε, ε). Since all the other ends admit neighborhoods which can be smoothly embedded in S 4 , it follows that all but finitely many components of L ∩ P n × (−ε, ε) are contained in a neighborhood of the end e. Thus L ⊂ lim e L and Lemma 3.5 shows that all but finitely many of those components separate P n from the exotic end. Then there exists an exotic compact cylinder C in L which is limited on its sides by two diffeomorphic copies of P n with the same orientation, and this cylinder can be used to produce a smoothly periodic cylindrical end in the Taubes-like manifold K V tn ∪ Pn C ∪ Pn C ∪ Pn . . . , which contradicts Taubes' Theorem.
3.3.
A fibration over the circle. The next Proposition was proven in [14] and appears also as Proposition 2.15 in [30] . It follows by topological reasons for any proper simply connected leaf. Let Ω be the union of leaves diffeomorphic to some W ∈ E(M, Λ, F, S, Φ). By the previous Proposition this is an open set on which the restriction F |Ω is defined by a locally trivial fibration, so its leaf space is homeomorphic to a (possibly disconnected) 1-dimensional manifold, which must be Hausdorff by Dippolito's Theorem 3.3. Let Ω 1 be one connected component of Ω.
Lemma 3.10. The completed manifoldΩ 1 is not compact.
Proof. First we note that ∂Ω 1 cannot be empty, for otherwise all the leaves would be diffeomorphic to W , hence proper and non-compact. It is a well known fact (see, e.g., [7] ) that a foliation of a compact manifold with all leaves proper must have a compact leaf, for every minimal set of such a foliation must be a compact leaf. Now suppose thatΩ 1 is compact and let L be a leaf in Ω 1 , so L is homeomorphic to W . Let e be any non-isolated end of L, which must exist since we are assuming that Λ is infinite.
Then the limit set of e of L inΩ 1 contains a minimal set, which must be a compact leaf, since all the interior leaves are proper and non-compact. This leaf, which we denote by F , must be in the boundary ofΩ 1 . The holonomy of F has no fixed points, for otherwise it would produce non-trivial holonomy on an interior leaf. Since all the orbits are proper, the holonomy group of each boundary leaf must be isomorphic to Z.
Thus there is a neighborhood N F of F inΩ 1 which looks like a neighborhood of F in a suspension with base F given by a contracting homeomorphism of [0, 1] which agrees with h in some neighborhood of 0. Now cyclic coverings over compact manifolds have two ends, i.e. the connected components of L ∩ N F must define isolated ends, but this contradicts the fact that e is not isolated.
Following the approach of Ghys [21] , we have a dichotomy: the leaf space of F |Ω1 , which is a connected Hausdorff 1-dimensional manifold, must be either R or S 1 .
Proposition 3.11. The leaf space of F |Ω1 cannot be R.
Proof. The proof is the same as the proof of Proposition 2.17 in [30] , which is also an adaptation of Lemma 4.6 in [21] .
Remark 3.12. Since Ω 1 fibers over the circle, it follows that there exists on each leaf L ⊂ Ω a well-defined non-trivial global diffeomorphism, m : L → L which is defined by "following" the transverse direction, i.e., for any x ∈ L there exists the transverse flow line N x through x; then L ∩ N x is a discrete set and m(x) is defined to be the next point of L ∩ N x after x in the positive direction.
Proposition 3.13. There exists a compact set C ⊂ L such that for any x ∈ L \ C at least one of the two sequences m
Proof. In the octopus decomposition ofΩ 1 it is clear that any point in the arms satisfies the assertion for both positive or negative powers of m since in the arms the flow lines of N are just intervals connecting boundary leaves of FΩ 1 . On each boundary component of the nucleus, the monodromy is contracting or expanding, so in some neighborhood of every point x on each one of these neighborhoods one of the sequences m n (x) or m −n (x) is necessarily unbounded. The set C formed by removing the interior of the arms and small open neighborhoods of the boundary components of the nucleus from L is the desired compact set.
This section is devoted to proving Theorem 1. Now we require the higher regularity C 2 , so we should explain what we gain by this assumption.
Definition 4.1. Let U be a saturated open set of a C 1,0 foliation F on a compact manifold and let L ⊂ U be a leaf. Then L is said to be trivial at infinity for U if there exists a Dippolito octopus decompositionÛ = K ∪ B 1 ∪ · · · ∪ B n and total transversals T i of each B i , such that L ∩ T i consists of fixed points for every element of the total holonomy group associated to the arm B i for every i.
The next theorem is a consequence of the so called generalized Kopell lemma for foliations which can be found in [10] and in ( [7] , Proof of Theorem 8.1.26). Let Ω 1 be as in the previous section and let L be a leaf in Ω 1 . Let E + ⊂ L be the set of points x for which {m n (x)} n∈N is unbounded and E − ⊂ L the set of points where {m −n (x)} n∈N is unbounded.
We shall use the following technical Lemma.
Lemma 4.4. Let L be a leaf in Ω 1 (so by hypothesis it is diffeomorphic to some W ∈ E(M, Λ, F, S, Φ)) and assume that the foliation is C 2 . Then there exists n ∈ N so that P n ⊂ E + or P n ⊂ E − .
As a corollary we get the proof of Theorem 1.
Proof of Theorem 1. Let us show that every W ∈ E(M, Λ, F ) is a C 2 non-leaf. Since the set P n is compact and lies in E + or E − it follows that m k (P n ) (k ∈ Z) is disjoint from P n for some power k. Inductively, we can find a family of powers {m kn (P n )} n∈N which are pairwise disjoint. Case 1: #F = 1 and F consists of a single point of accumulation of Λ. This contradicts Lemma 3.7 since all these copies must be contained in a single neighborhood of the large exotic end (the other ends can be smoothly embedded in S 4 ). Case 2: #F = 2. As above we can consider a pairwise disjoint family of monodromy powers of some pair of pants P n : {m kn (P n )} n∈N . Since m is a diffeomorphism and L \ P n has three unbounded components it follows that m k (P n ) must also disconnect L into three unbounded components, but this makes it impossible for any of these pairs of pants to be embedded in a cylindrical neighborhood of any isolated end. Therefore, as above, this family must be contained in a neighborhood of the non-isolated large exotic end in F and the contradiction follows by Lemma 3.7.
Case 3: #F = 1 and F consists of a single isolated point of Λ so P n is an exotic cylinder. Since all the other ends are standard or small exotica it follows that m k (P n ) is contained in a cylindrical neighborhood X of the exotic end induced by F for infinitely many k, for otherwise we would get a contradiction with Proposition 1.17. By our assumptions on P n for some sufficiently large (in absolute value) K 1 , K 2 ∈ Z, m K1 (P n ) and m K2 (P n ) are disjoint and bound a topological cylinder C in X with the same orientation. We can use this cylinder to construct a smoothly periodic cylindrical end in a Taubes-like manifold just as in Case 3 of the proof of Proposition 3.8, but this contradicts Taubes' Theorem. Now Corollary 2.12 and Proposition 2.9 complete the proof.
Proof of Lemma 4.4. Let L ⊂ Ω 1 be a leaf diffeomorphic to W ∈ E(M, Λ, F ) and choose an octopus decomposition forΩ 1 as in Definition 4.1. By enlarging the nucleus we can always find a decomposition where each arm B i can be identified with S i × [0, 1] by a diffeomorphism and for each i there exists a closed discrete bi-sequence
Here the monodromy acts by "translation" m(x, s j ) = (x, s j+1 ) for x ∈ S i . Of course, the bi-sequence and the period of m depend on the arm, but we shall not reflect this in the notation since it is unnecessary for our reasoning. The boundary of S i is a smooth compact 3-manifold which we may assume to be connected; if not, just connect the components by tubes in S i and enlarge the nucleus by the saturation of these tubes under the transverse flow N |Ω .
Let N r , 1 ≤ r ≤ k, be pairwise disjoint one-sided neighborhoods of each tangential boundary component of K so that each N r is contained in E + or E − . Let V be a compact codimension 0 submanifold of K ∩L such that K ∩L\V ⊂ k r=1 N r . This exists since Ω 1 does not contain any minimal set in its interior. By construction there exists an n such that P n ⊂ L \ V .
Assume that P n is not completely contained in E + nor in E − . Then P n is not completely contained in any arm and P n must simultaneously meet two neighborhoods N r and N s of tangential boundary components of K where the monodromy m is contractive for one of them and expansive for the other one. In particular there exists a path γ ⊂ P n joining P n ∩ N r to P n ∩ N s . Of course, γ cannot pass through V (since P n ∩ V = ∅), so γ must be a path from N r ∩ L to N s ∩ L going through an arm. Let B i ∩ L be the intersection of L with an arm which γ meets. Since the leaf is trivial at infinity we already know that this is homeomorphic to j∈Z S i × s j . Thus γ must connect N r with N s passing through two different boundary components of some S i × {s j }, but this manifold has only one boundary component by assumption, leading to a contradiction.
The techniques used in this section allow us to get the following stronger result, since infinitely many P n 's must lie in a neighborhood of one of the ends corresponding to a point in F . Proposition 4.5. Let F ⊂ Λ be a finite subset of a totally disconnected closed tame subset of a 4-dimensional simply connected manifold M and let S ⊂ Λ \ F be a countable discrete subset. Consider a mapping Φ : S → ℜ. Let V be a smooth structure on M \ Λ so that any point in F which is an accumulation point of Λ corresponds to an end diffeomorphic to some element in R. The remaining isolated ends can be smoothed arbitrarily. If F consists only of isolated points in Λ then suppose that at least one of them corresponds to a Taubes-like end. If W = (V \ S ′ )#Φ, then W is not diffeomorphic to any leaf of any C 2 codimension one foliation on a compact manifold.
Observe that Proposition 4.5 just gives more examples of non-leaves that satisfy Theorem 1. It is still possible to increase the topological types of non-leaves by extending the definition of Taubes-like ends: in this work we only consider cylindrical ends but the same arguments would apply to the case of (simply connected) admissible ones considered in [39, Definition 1.3] . We avoid this more technical approach for the sake of readability. Question 4.6. In Proposition 4.5 we see that an essential point in our arguments is that there are finitely many large exotic ends. It is a natural question to ask whether smoothings with infinitely many large exotic ends are also non-leaves. Taking into account Notation 2.2 and Definition 2.4, in this section we shall work with the specific case where Λ is infinite, countable and closed, S ⊂ Λ 0 is the set of all isolated points in Λ 0 , and Φ : S → ℜ is injective with its image contained in the family Π introduced in Corollary 1.22. As a consequence of Corollary 2.12, E(M, Λ, F, S, Φ) is uncountable. Observe that in this case S is dense in Λ 0 . In this specific case there is another result that is worth mentioning. Proof. Assume #F = 1. Given W ∈ E(M, Λ, F, S, Φ) and W ′ ∈ E(M, Λ, F, S, Ψ), it suffices to show that they are not diffeomorphic. If h : W → W ′ is a diffeomorphism then it must map isolated ends to isolated ends. Moreover, none of the ends determined by Φ can be mapped to the Taubes-like end corresponding to F . Thus h maps the ends determined by Φ to those determined by Ψ and therefore they must be end-diffeomorphic. Since the manifods in Π are determined by their end-diffeomorphism class, it follows that Φ and Ψ have the same images in Π.
If F = 2 then the isolated point in F could induce, in principle, an end diffeomorphic to the end of some element of Π. By means of the previous reasoning, if #(Φ(S) \ Ψ(S)) > 1 (resp. #(Ψ(S) \ Φ(S)) > 1) then at least one point in Φ(S) \ Ψ(S) (resp. Ψ(S) \ Φ(S)) determines an isolated end of W (resp. W ′ ) which is not diffeomorphic to any isolated end of W ′ (resp. W ), and thus W and W ′ cannot be diffeomorphic.
Corollary 5.2. For a fixed closed 4-manifold M and a countable and closed subset Λ, F ⊂ Λ as above, and S the set of all isolated points of Λ 0 , there are uncountably many families E(M, Λ, F, S, Φ), which are pairwise disjoint.
Proof. This follows from the fact that the family of injective maps from S to Π with different images is clearly uncountable.
In the above Proposition 5.1 and Corollary, it is not important that S contain all the isolated points of Λ 0 . This will be fundamental for the next Lemma.
Lemma 5.3. Take W ∈ E(M, Λ, F, S, Φ) with the assumptions at the beginning of this section. If #F = 1 then any diffeomorphism h : W → W induces the identity on the space of ends of W . If #F = 2 then the induced map of h in the space of ends fixes all but at most two ends of W and so h 2 must be the identity.
Proof. Since the elements of Π are small exotica not pairwise end-diffeomorphic and Φ is injective, it follows that h fixes every isolated end in S when #F = 1. The induced application in the space of ends is continuous (in fact a homeomorphism) and thus h extends continously to S = Λ where it must be the identity map. When #F = 2 the unique exception to the above argument occurs when the isolated end induced by the isolated point in F induces an end diffeomorphic to the end of some element in Φ(S) ⊂ Π, so the induced map of h in the end set can, at most, permute the isolated end of F with its unique copy in Φ(S). Proof. Recall that the transverse boundary of the nucleus is non-empty by Lemma 3.10 and it is a union of the transverse boundaries of the closures of the arms. The monodromy preserves the transverse boundary, moreover the restricted foliation to ∂ ⋔ B i is also a suspension of a group of orientation preserving homeomorphisms of the interval over the compact 3-manifold Σ i , which is the boundary of the base manifold S i . We use the notation Σ i × Gi I to denote the trace of the foliation on ∂ ⋔ B i , where I = [0, 1] and G i is a subgroup of Homeo + (I). Since the leaves of F |Ω1 are proper without holonomy, the same is true for the leaves of Σ i × Gi I. It follows that the total holonomy group G i must be trivial or isomorphic to Z.
In the case where every group is isomorphic to Z it follows that the interior leaves of Σ i × Gi I are cyclic covering spaces of Σ i , so the leaves in L ∩ ∂ ⋔ K are open 3-submanifolds with exactly two ends. They are proper submanifolds of L by construction. Finally oberve that the generator of each G i has no fixed points in the interior of I. Thus its fundamental domain is a closed interval and each component of L ∩ ∂ ⋔ B i meets that interval in exactly one point (or two for boundary points). Therefore there must be finitely many components since L is proper.
It remains to check that each G i cannot be trivial. If this is the case then the suspension is foliated as a product Σ i × I. Let L t be the leaf of F |Ω1 which contains
, which follows from the definition of the monodromy. On the one hand, Σ i × {t} cannot be null-homologous, for otherwise it would bound a codimension zero compact 4-submanifold B, and then
would be a clopen 4-submanifold of L t and therefore coincide with the whole of L t . Since m k (Σ i × {t}) converges to Σ i ×{1} as k → ±∞, and therefore m k (B) converges to the component of ∂ τ K whose boundary includes Σ i × {1}, it follows that L t ⊂ E + ∩ E − . Thus iterating the monodromy produces infinitely many pairwise disjoint copies of the exotic blocks P n contained in L t , contradicting Lemma 3.7.
On the other hand, if Σ i × {t} is non trivial in homology then it separates ends (see Proposition 2.3 for more details), but m| Lt : L t → L t is a diffeomorphism and so m or m 2 is the identity on the space of ends by Lemma 5.3. Thus m 2k (Σ i × {t}) must separate exactly the same ends as Σ i × {t} for all k ∈ Z. It follows that the manifolds m 2k (Σ i × {t}) are homologous in L t for all k ∈ Z. Let H t be the compact 4-submanifold which is simultaneously bounded by Σ i × {t} and m 2 (Σ i × {t}). Of course m 2 (H t ) is bounded by m 2 (Σ i × {t}) and m 4 (Σ i × {t}). Observe that the compact manifolds H t and m 2 (H t ) are both contained in the nucleus K by Lemma 5.5, but this is impossible since they are on opposite sides of m 2 (Σ i × {t}) in L t , and thus one of them must lie in an arm.
Proof of Theorem 2. Let Σ k s , s ∈ S, be a family of 3-submanifolds of L ∈ Ω 1 such that Σ k s separates the end induced by Φ(s) ∈ Π from the other ends and Σ k s converges to the end determined by s as k goes to infinity. We affirm that for Cantor minimal set. Let us consider a transverse circle isotopic to the fiber of the suspension. Turbulize the manifold along the boundary of a tubular neighborhood of this circle. It is clear that this foliation contains a proper leaf diffeomorphic to S 4 \ Λ. It is not possible to improve the regularity of this example to regularity C 2 with a transverse circle, as we shall see in Proposition 6.4. We shall denote this foliation by F D .
Case 4: Λ (k) = ∅ and #Λ (k−1) = 1. Here we present the case k = 3 (k = 2 is just F D ); an inductive process will give the general case. Consider the same suspension over Denjoy commuting circle diffeomorphisms as above and two disjoint fibers. Turbulizing along disjoint tubular neighborhoods of these circles we obtain many proper leaves diffeomorphic to S 4 \ Λ ′ . The turbulization process creates two Reeb components, but we can remove them and identify the toral boundary leaves. Do the two turbulizations in opposite directions, so that the resulting foliation will be transversely orientable.
By [7, Lemma 3.3.7] , there exists a transverse circle meeting the toral leaf and we can turbulize along a tubular neighborhood to get a foliation where almost every leaf is proper and diffeomorphic to S 4 \ Λ. The regularity is still C 1 . We shall denote these foliations by F k D . Case 5: Λ (2) = ∅ and #Λ ′ = 2. Here Λ is countable with exactly two accumulation points. Let us consider the suspension of a parabolic (analytic) circle diffeomorphism over S 1 × S 3 . The leaves of this suspension are proper with a single compact leaf diffeomorphic to S 1 × S 3 corresponding to the fixed point of the diffeomorphism. The other leaves are homeomorphic to R × S 3 ≡ S 4 \ {p, q} Any fiber of the suspension is a transverse circle meeting the compact leaf. By turbulizing along this circle we obtain proper leaves diffeomorphic to S 4 \ Λ, as desired. We shall denote this foliation by F E .
Case 6: Λ (k) = ∅ and #Λ (k−1) = 2. Here we present the case k = 3 (k = 2 is just F E ); an inductive process gives the general case. Consider the same suspension over a parabolic circle diffeomorphism as above and two disjoint fibers. Turbulizing along disjoint tubular neighborhoods of these circles we obtain many proper leaves diffeomorphic to S 4 \ Λ ′ . The turbulization process creates two Reeb components, but we can remove them and identify the toral boundary leaves.
By [7, Lemma 3.3.7] , there exists a transverse circle meeting the toral leaf and we can turbulize along a tubular neighborhood to get a foliation where almost every leaf is proper and diffeomorphic to S 4 \ Λ. The regularity of this foliation is C ∞ . We shall denote these foliations by F k E . Case 7: Λ (k) = ∅. This is obtained by a transverse gluing of the above foliations. Recall that in this case the topology of Λ only depends on k and #Λ (k−1) . First assume that #Λ (k−1) = 2n is even and consider F k E as above. By [7, Lemma 3.3.7] , there exists a transverse circle which meets a proper leaf in a single point. Remove a tubular neighborhood N of that circle and let 2F E be the foliation obtained via transverse gluing of F E \ N with itself, thus obtaining a foliation with a proper leaf diffeomorphic to S 4 \ ∆ where ∆ (k) = ∅ and ∆ (k−1) = 4. This process can be iterated to obtain a foliation nF E = ((n − 1) If #Λ (k−1) = 2n + 1 is odd then we just have to consider the transverse gluing (nF If M is not smoothable, the above constructions work in the C 0 category, but in this case the leaves do not support any smooth structure. This leads to the following question.
Question 6.2. Let M be a non-smoothable simply connected topological 4-manifold and let Λ ⊂ M be a compact, and totally disconnected subset, either tame or not. Is M \ Λ homeomorphic to a leaf of a codimension one C 1,0 foliation of a compact manifold?
When Λ is finite and M is definite it seems unlikely that such a manifold can be a leaf since some of its ends should be Taubes-like and we already know that it is impossible to realize them in C 2 foliations by [30] . But when Λ is a Cantor set it seems reasonable to conjecture that the wildness of the smoothing could be diluted among the uncountable set of ends giving a chance for the question to have an affirmative answer.
In the case where M = S 4 , H 2 (M \ Λ, Z) is non-trivial and finitely generated (by Freedman's work); thus, if it is homeomorphic to a leaf then it must be a proper leaf, since otherwise Reeb stability would lead to an infinitely generated H 2 (M \ Λ, Z) (by means of the Mayer-Vietoris sequence, see the proof of [30, Proposition 2.15] for details). Therefore, if in addition the regularity of the foliations is C 2 , then the theory of levels [9] applies and says that it must lie at a finite level. Thus only end sets for which Λ (k) is either empty or a Cantor set for some k can appear in the C 2 category when M = S 4 . It seems likely that all these cases can be realized as leaves in this regularity; it would suffice to improve Proposition 6.1 to regularity C 2 ).
As to the existence of exotic non-leaves, i.e., those which are homeomorphic to leaves but not diffeomorphic to them in regularity C 1,0 , we can combine Theorem 2 and Proposition 6.1 to obtain the next result. Proposition 6.3. Let M be a smoothable closed 4-manifold and Λ ⊂ M be a closed, countably infinite subset so that Λ (k) = ∅ for some k ∈ N. Then there exists at least one smoothing of M \ Λ which is diffeomorphic to a (proper) leaf of a codimension one C 1 (C ∞ when #Λ (k−1) is even) foliation, but there exists a continuum of smoothings which are not diffeomorphic to any leaf of any codimension one C 1,0 foliation on a compact manifold.
When Λ is more complicated and M = S 4 there is hope of realizing M \ Λ at the infinite level as a limit of leaves at finite level. This is motivated by the fact that every open surface (in particular S 2 \ Λ for any compact totally disconnected and tame Λ) can be realized at the infinite level of a C ∞ foliation [7] .
In the general case, i.e., when Λ is any closed, tame, totally disconnected subset of M , it is unclear how to proceed. All these manifolds seem likely to be topologically realizable in C 0 regularity, but this would need a deeper development of the theory of levels for C 0 foliations. Finally, we shall show why it is not possible to get an example as in cases 3 and 4 in the proof of Theorem 6.1 with regularity C 2 . We are not sure if this result was observed before. The proof uses the same techniques employed along this work.
Proposition 6.4. Let (M, F ) be a codimension one C 2 foliation on a compact n-manifold M . If L is a proper leaf and there exists a transverse circle to F which meets lim L, then it is not homeomorphic to R n−1 .
Proof. Assume that there exists a proper leaf L homeomorphic to R n−1 . Observe that we can assume, without loss of generality, that F is transversely oriented. By Dippolito's result 3.9 there exists a product neighborhood of L foliated as a product. Let Ω be the connected component of the saturated open set formed by proper leaves homeomorphic to L which contains L. This open set consists of proper leaves without holonomy, since its leaves are proper and simply connected.
Observe that Ω fibers over the circle, otherwise the same argument of the proof of Proposition 3.11 will imply that the boundary leaves ofΩ are homeomorphic to R n−1 . By definition of Ω this boundary leaf cannot represent a proper leaf of F , thus it must be semiproper, but in C 2 regularity semiproper leaves have infinitely many ends by Duminy's theorem (see [11] ), so it cannot be homeomorphic to R n−1 . If the completionΩ is not compact, then at least one of its boundary leaves is not compact and any Dippolito decomposition has an arm. Since Ω fibers over the circle, it follows that the monodromy map is non-trivial. Thus, by means of the Kopell Lemma of foliations [10] , it follows that some leaf in the interior of Ω has infinitely many ends, as is explicitly shown in [30, Lemma 2.20] . But L has just one end, soΩ must be compact. Of courseΩ = M , because this would imply that Ω = M , in contradiction to the fact that a compact manifold cannot be foliated completely by noncompact proper leaves. It follows that all the boundary leaves are compact, and there exists at least one of them.
Since the leaves of F |Ω are proper leaves without holonomy it follows that the holonomy group of each compact boundary leaf must be cyclic. Thus the holonomy covering of each compact boundary leaf is an open manifold with two ends. Therefore lim L consists of just one compact leaf, say L 0 , since distinct compact leaves in lim L would define different ends of L, but L has just one end. A neighborhood of that end agrees with that of one end of the holonomy covering of the compact boundary leaf L 0 .
The cyclic holonomy is represented by an element in H 1 (L 0 , Z) and thus its Poincaré dual can be represented by a codimension one closed submanifold of B 0 ⊂ L 0 which lifts to nearby leaves in Ω. Let us denote these lifts by B t ⊂ L t , for 0 ≤ t < ε, where L t is the leaf passing through the point t ∈ γ([0, ε)) where γ is a transverse arc with initial point at Σ 0 ⊂ L 0 and its other points inside Ω. Then B t is null-homologous and bounds a compact subset of L t for t > 0, since each leaf in Ω is a euclidean space, while B 0 does not bound on L 0 . Thus hypothesis (2) of Theorem 2.13 of [35] is satisfied and L 0 must bound a generalized Reeb component, so lim L = L 0 does not admit a closed transversal, contrary to hypothesis. Corollary 6.5. A taut codimension one C 2 foliation on a compact n-manifold cannot have a proper leaf homeomorphic to R n−1 .
